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Abstract. We give a rigorous proof of the monotonicity formula of S.-Y.A. Chang,
L. Wang and P. Yang [3] for (extrinsically) stationary biharmonic maps of class
W 2,2.
1. Introduction
For several decades regularity properties of weakly harmonic maps have been in-
tensely studied. For a manifold M of dimension m ≤ 2, C.B. Morrey [9] showed
in 1948 that every minimizing map u ∈ W 1,2(M,N) belongs to C∞(M,N). The
regularity problem for general critical points of the harmonic energy functional
had remained open for a long time. In 1981, still for the case m ≤ 2, M. Grüter
[5] proved smoothness of conformal weakly harmonic maps. R. Schoen [12] intro-
duced the notion of stationary harmonic maps and extended Grüter’s result to this
class. Finally, F. Hélein [6] showed that every weakly harmonic map in the case
m ≤ 2 is smooth. For m ≥ 3, more complex phenomena show up. R. Schoen and
K. Uhlenbeck [13] showed that if u ∈ W 1,2(M,N) is energy minimizing, then u
is smooth except on a closed subset of finite Hm−3-measure. This result is optimal
since the radial projection from Bm into Sm−1 is a minimizing map for m ≥ 3,
as shown by H. Brézis, J.-M. Coron and E. Lieb [2] for m = 3 and F.H. Lin [8]
for m ≥ 3. On the other hand, T. Rivière [11] proved existence of everywhere
discontinuous weakly harmonic maps. For the intermediate class of stationary har-
monic maps, L.C. Evans [4] showed partial regularity for maps into the sphere and
F. Bethuel [1] generalized this result for arbitrary target manifolds. Their proofs rely
on a monotonicity formula for stationary harmonic maps adapted from
P. Price [10].
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Similar questions for (extrinsically) weakly biharmonic maps were studied by
S.-Y.A. Chang, L. Wang and P.Yang in [3]. They showed smoothness for weakly
biharmonic maps into the sphere and m ≤ 4, and asserted partial regularity for sta-
tionary biharmonic maps into the sphere and m ≥ 5. C.Y. Wang generalized these
results for arbitrary target manifolds in [14] and [15]. Once again, a monotonicity
formula derived from the stationarity assumption is crucial in the proof of partial
regularity for m ≥ 5. However, the derivation in [3, Proposition 3.2] is only given
for sufficiently regular maps.
Here, we give a rigorous proof of this monotonicity formula in the case of
stationary biharmonic maps of class W 2,2(Br,N).
Conceivably, this monotonicity formula may allow to study the singular behav-
iour of stationary biharmonic maps and especially minimizing biharmonic maps as
suggested by M-C. Hong and C.Y. Wang in [7].
2. Stationarity Assumption
We recall some definitions and fix the notations used henceforth: Let Br be the open
ball of radius r > 0 in Rm centered at the origin and let N be a smooth Riemannian
manifold isometrically embedded in Rn. Recall that W 2,2(Br,N) is defined by
W 2,2(Br,N) := {u ∈ W 2,2(Br,Rn) : u(x) ∈ N for a.e. x ∈ Br}.
We consider on W 2,2(Br,N) the Hessian energy functional
E(u) :=
∫
Br
|u|2dx.
Definition 1. A mapu inW 2,2(Br,N) is called (extrinsically) weakly biharmonic if
it is a critical point of the Hessian energy E(·) with respect to compactly supported
variations on the target manifold, i.e. if
d
dt
|t=0 E (π ◦ (u + tξ )) = 0 for all ξ ∈ C∞0 (Br,Rn),
where π denotes the nearest point projection onto N .
Definition 2. A weakly biharmonic map u in W 2,2(Br,N) is called (extrinsically)
stationary biharmonic if, in addition, u is a critical point of the Hessian energy
E(·) with respect to compactly supported variations on the domain manifold, i.e. if
d
dt
|t=0 E (u ◦ (id + tξ )) = 0 for all ξ ∈ C∞0 (Br,Rm), (1)
where id denotes the identity map.
In what follows we denote u = (u1, . . . , un), uj = ∂u∂xj etc. We tacitly sum over
repeated indices. We use the following notation∫
∂Br\∂Bρ
f dσ :=
∫
∂Br
f dσ −
∫
∂Bρ
f dσ.
We replace Lemma 3.1 in [3] by the following lemma.
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Lemma 1. If u is a stationary biharmonic map in W 2,2(B2r , N), then we have:∫
B2r
(
4ukkuij ξ ji + 2ukkuj ξjii − |u|2∇ · ξ
)
dx = 0
for every test function ξ ∈ C∞0 (B2r ,Rm).
Proof. We compute
ut = (u)t + t
(
2(uij )t ξ ji + (uj )t ξ jii
)
+ t2(ujk)t ξ ki ξ ji ,
where for any f we denote ft (y) := f (y + tξ(y)) for ξ ∈ C∞0 (B2r ,Rm).
The change of variables x = y + tξ for |t | sufficiently small induces a C∞-
diffeomorphism of B2r onto itself. The stationarity assumption (1) then implies:
0 = d
dt
|t=0
∫
B2r
|ut |2(x − tξ )
(
1 − t∇ · ξ + O(t2)
)
dx
=
∫
B2r
(
4ukkuij ξ ji + 2ukkuj ξjii − |u|2∇ · ξ
)
dx.
unionsq
3. Monotonicity formula
We can now rigorously derive the monotonicity formula Proposition 3.2. in [3] for
almost every radius. This is sufficient to prove partial regularity for (extrinsically)
stationary biharmonic maps of class W 2,2.
Theorem 1 (Monotonicity formula). For K > 0 and u ∈ W 2,2(BK,N) (extrin-
sically) stationary biharmonic, it holds for a.e. 0 < ρ < r ≤ K2
r4−m
∫
Br
|u|2dx − ρ4−m
∫
Bρ
|u|2dx = P + R,
where
P = 4
∫
Br\Bρ
(
(uj + xiuij )2
|x|m−2 +
(m − 2)(xiui)2
|x|m
)
dx
R = 2
∫
∂Br\∂Bρ
(
−x
iujuij
|x|m−3 + 2
(xiui)
2
|x|m−1 − 2
|∇u|2
|x|m−3
)
dσ.
Proof. Choose in Lemma 1 the test functions ξ(x) := ψ	
( |x|
τ
)
x, where ψ = ψ	 :
R+ → [0, 1] is smooth with compact support on [0, 1] and ψ	 ≡ 1 on [0, 1 − 	].
Then, it follows with ξji = ψixj + ψδij and ξjii = ψiixj + 2ψj
0 =
∫
Rm
(
(4 − m)|u|2ψ − |u|2ψixi + 4ukkuijψixj
+4ukkujψj + 2ukkujψiixj
)
dx.
We haveψi
( |x|
τ
)
= 1
τ
ψ ′
( |x|
τ
)
xi
|x| andψii
( |x|
τ
)
= 1
τ 2
ψ ′′
( |x|
τ
)
+ (m−1)
τ
ψ ′
( |x|
τ
)
1
|x| .
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Thus,
0 = (4 − m)
∫
Rm
|u|2ψdx − 1
τ
∫
Rm
|u|2ψ ′|x|dx + 4
τ
∫
Rm
ukkuijψ
′ xixj
|x| dx
+2(m + 1)
τ
∫
Rm
ukkujψ
′ xj
|x|dx +
2
τ 2
∫
Rm
ukkujψ
′′xjdx.
This implies for I 	(τ ) := τ 4−m ∫
Rm
|u|2ψ	
( |x|
τ
)
dx
τm−3
d
dτ
I 	(τ ) = (4 − m)
∫
Rm
|u|2ψdx − 1
τ
∫
Rm
|u|2ψ ′|x|dx
= −4
τ
∫
Rm
ukkuijψ
′ xixj
|x| dx −
2(m + 1)
τ
∫
Rm
ukkujψ
′ xj
|x|dx
− 2
τ 2
∫
Rm
ukkujψ
′′xjdx. (2)
Furthermore, we have:∫ r
ρ
ψ ′′
( |x|
τ
)
τ 1−mdτ = −
∫ r
ρ
d
dτ
(
ψ ′
( |x|
τ
))
τ 3−m
1
|x|dτ
= −ψ ′
( |x|
r
)
r3−m
|x| + ψ
′
( |x|
ρ
)
ρ3−m
|x|
+3 − m|x|
∫ r
ρ
ψ ′
( |x|
τ
)
τ 2−mdτ.
Thus, applying Fubini’s theorem twice gives:∫ r
ρ
τ 1−m
∫
Rm
ukkujψ
′′
( |x|
τ
)
xjdx dτ
= −
∫
Rm
ukkujx
jψ ′
( |x|
r
)
r3−m
|x| dx +
∫
Rm
ukkujx
jψ ′
( |x|
ρ
)
ρ3−m
|x| dx
+(3 − m)
∫ r
ρ
τ 2−m
∫
Rm
ukkujx
jψ ′
( |x|
τ
)
1
|x|dx dτ. (3)
Multiplying both sides of (2) with τ 3−m, integrating over τ from ρ to r and inserting
(3) yield
I 	(r) − I 	(ρ) = −4
∫ r
ρ
τ 2−m
∫
Rm
ukkuijψ
′
( |x|
τ
)
xixj
|x| dx dτ
−8
∫ r
ρ
τ 2−m
∫
Rm
ukkujψ
′
( |x|
τ
)
xj
|x|dx dτ
+2
∫
Rm
ukkujx
jψ ′
( |x|
r
)
r3−m
1
|x|dx
−2
∫
Rm
ukkujx
jψ ′
( |x|
ρ
)
ρ3−m
1
|x|dx.
For all Lebesgue pointsρ and r of the functiong(s) := ∫
∂Bs
ukkuj x
j
|x|m−3 dσ ∈ L1loc(]0,K]),
as 	 → 0, by applying Lemma 2 in the Appendix to the first two terms and the
Lebesgue differentiation theorem to the last two terms, we obtain
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r4−m
∫
Br
|u|2dx − ρ4−m
∫
Bρ
|u|2dx
=
∫
Br\Bρ
(
4
ukkuij x
ixj
|x|m−2 + 8
ukkujx
j
|x|m−2
)
dx − 2
∫
∂Br\∂Bρ
ukkujx
j
|x|m−3 dσ
= 2
∫
Br\Bρ
(
ukkuij x
ixj
|x|m−2 −
ukkiuj x
ixj
|x|m−2 +
ukkujx
j
|x|m−2
)
dx.
Here and henceforth, all third derivatives are interpreted in the sense of distribu-
tions. The monotonicity formula now follows by several integrations by parts. We
proceed as in [3] and compute for a.e. ρ and r
∫
Br\Bρ
ukkuij x
ixj
|x|m−2 dx =
∫
∂Br\∂Bρ
ukuij x
ixj xk
|x|m−1 dσ −
∫
Br\Bρ
ukuijkx
ixj
|x|m−2 dx
+
∫
Br\Bρ
(
−2ukuikx
i
|x|m−2 +
(m − 2)ukuij xixj xk
|x|m
)
dx
=
∫
∂Br\∂Bρ
(
ukuij x
ixj xk
|x|m−1 −
ukuikx
i
|x|m−3
)
dσ
+
∫
Br\Bρ
(
ukuikx
i
|x|m−2 +
uikujkx
ixj
|x|m−2
)
dx
+(m − 2)
∫
Br\Bρ
ukuij x
ixj xk
|x|m dx,∫
Br\Bρ
−ukkiuj x
ixj
|x|m−2 dx = −
∫
∂Br\∂Bρ
ukiuj x
ixj xk
|x|m−1
+
∫
Br\Bρ
(
ukjujx
k
|x|m−2 +
ujukkx
j
|x|m−2
)
dx
+
∫
Br\Bρ
(
(2 − m)ujuikxixj xk
|x|m +
uikujkx
ixj
|x|m−2
)
dx,
∫
Br\Bρ
ukkujx
j
|x|m−2 dx =
∫
∂Br\∂Bρ
(ukx
k)2
|x|m−1 dσ −
∫
Br\Bρ
|∇u|2
|x|m−2 dx
+
∫
Br\Bρ
(
(m − 2)(ukxk)2
|x|m −
ukujkx
j
|x|m−2
)
dx.
Combining these equations leads to
r4−m
∫
Br
|u|2dx − ρ4−m
∫
Bρ
|u|2dx
= 2
∫
∂Br\∂Bρ
(
(uix
i)2
|x|m−1 −
ujuij x
i
|x|m−3
)
dσ
+2
∫
Br\Bρ
(
ujuij x
i
|x|m−2 +2
(uij x
i)2
|x|m−2 +
uiujj x
i
|x|m−2 −
|∇u|2
|x|m−2 +
(m − 2)(uixi)2
|x|m
)
dx.
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Moreover, it holds
0 = −4
∫
∂Br\∂Bρ
|∇u|2
|x|m−3 dσ + 8
∫
Br\Bρ
(
|∇u|2
|x|m−2 +
ujuij x
i
|x|m−2
)
dx
and
0 = 2
∫
∂Br\∂Bρ
(uix
i)2
|x|m−1 dσ
−2
∫
Br\Bρ
(
ujuij x
i
|x|m−2 +
|∇u|2
|x|m−2 +
uiujj x
i
|x|m−2 +
(2 − m)(uixi)2
|x|m
)
dx.
Adding the last three equations establishes the monotonicity formula. unionsq
Appendix
For f, φ ∈ L1(R,R), define
(φ ∗ f ) (x) :=
∫
R
φ
(y
x
)
f (y)dy =
∫
R
φ (z) f (xz) xdz.
Then, there holds the following
Lemma 2. Suppose f, (φk)k∈N ∈ L1(R,R), with
φk ≥ 0,
∫
R
φk = 1 and suppφk ⊂
[
1 − 1
k
, 1
]
, k ∈ N.
Then, as k → ∞ for 0 < ρ < r
φk ∗ f → id · f in L1([ρ, r]),
where (id · f ) (x) = xf (x).
Proof. Observe that
‖f (h·) − f ‖L1(R,R) → 0 for h → 1 (4)
and
(φk ∗ f )(x) − xf (x) = x
∫
R
φk(z) (f (xz) − f (x)) dz.
Thus, we have using Fubini’s theorem and Hölder’s inequality:
‖φk ∗ f − xf ‖L1([ρ,r]) ≤
∫ r
ρ
|x|
∫
R
|φk(z)||f (xz) − f (x)|dzdx
≤ r
∫
R
|φk(z)|
(∫ r
ρ
|f (xz) − f (x)|dx
)
dz
≤ r‖φk‖L1 sup
h∈suppφk
‖f (h·) − f ‖L1 .
As suppφk ⊂ [1 − 1k , 1] and ‖φk‖L1 ≤ 1, assumption (4) implies that the right
hand side converges to zero for k → ∞. unionsq
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